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Classroom

In this section of Resonance, we invite readers to pose questions likely to be raised in a
classroom situation. We may suggest strategies for dealing with them, or invite responses,
or both. “Classroom” is equally a forum for raising broader issues and sharing personal
experiences and viewpoints on matters related to teaching and learning science.
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TheLandautheoryofphasetransitionsoccupies

acenterpiecepositioninphysics.Weillustrate

thetheorybyapedagogicalexampleatthepre-

universitylevel.Intheexampleabeadofmassm

isthreadedonaringwhichissetrotatingabout

averticaldiameter.Thedynamicsofthebead

mimicskeyfeaturesoftheLandautheory.

1.Introduction

2008wasthecentenaryyearofthegreatRussianphysi-
cistLDLandau.BornonJan22,1908,Landaugrewup
tobeaneminentscientistwhomadeseminalcontribu-
tionstoallbranchesoftheoreticalphysics.Landauwas
alsoanoutstandingscholarandteacherofphysics.His

accomplishmentsincludetheco-discoveryoftheden-
sitymatrixmethodinquantum mechanics,quantum
mechanicaltheoryofdiamagnetism,thetheoryofsec-
ondorderphasetransitions,themean-̄eldtheoryof
superconductivity,theexplanationofLandaudamping

inplasmaphysics,theLandaupoleinquantumelectro-

Please purchase PDFcamp Printer on http://www.verypdf.com/ to remove this watermark.

http://www.verypdf.com/


CLASSROOM

705RESONANCEJuly2009 

Figure 1. The bead on a
rotating ring.

The application of
this theory is  far
reaching and
ranges  from
chemical sciences
to particle physics.

dynamics,andthetwo-componenttheoryofneutrinos.
Manyofusarefamiliarwith̀Landau{Lifshitz'seriesof
volumesinTheoreticalPhysics[1,2].Severalphysics

termsbearhisname.

Landaureceivedmanyhonours.IntheSovietUnionhe
wasdirectlyelectedasamemberoftheAcademyofSci-
enceandwasgiventhetitleofHeroofSocialistE®ort.

Hewasawardedthe1962NobelPrizeforPhysics.Along
withVitalynGinzburg,Landaumadeamilestonecon-
tributiontothetheoryofsecondorderphasetransition
[3].Theapplicationofthistheoryisfarreachingand
rangesfromchemicalsciencestoparticlephysics.Inthe

presentarticleweshalltrytounderstandtheessenceof
thistheorybystudyingasimplemechanicalmodel.

2.TheModel

OurmodelconsistsofaringofradiusRwithasmall
beadofmassmthreadedonit[4].Theringissetrotat-
ingaboutitsverticaldiameterwithangularvelocity!as
showninFigure1.Thereisnofriction.Onebeginswith

small!whichgraduallyincreases.Itisobservedthat
thebeadcontinuestobeatthelowestpositionP1untila
certaincriticalangularvelocity!cisattained.Thebead
slidesupas!increasesbeyond!c.Thē guredepicts
atypicalpositionofthebeadatP2(for!>!c).The

behaviorcanbeunderstoodonthebasisofpotential-
energydiagramofthebead.For!<!c,thepotential-
energydiagramhasasingleminimumwhilefor!>!c

itdevelopsadoubleminimum(seeFigure5onp.709).
Thisisanalogoustothefreeenergydiagramofamag-

neticsystemundergoingsecondorderphasetransition.
ForatemperatureT<Tc,thefreeenergywithrespect
tothemagnetizationM hasasingleminimum,whereas
forT>Tc,ithastwominima.HereTcisthecritical
temperatureandiscalledthèCurie'temperature.We

shallexploreandexploitthisanalogygainfullyinthis
article.
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Figure 2. Free body  dia-
gram of  the bead in ‘equi-
librium’ for  > c.

3.Analogies

3.1The P̀haseTransition'

Letusanalyzethedynamicsofthebeadontherotating
ringinthenon-inertialframe.Weshallemploypolar
co-ordinatesfr;µg.Wewill̄ndthatitisusefultoex-

pressouranswersintermsof!c=
q

g=R,wheregis

themagnitudeofaccelerationduetogravity.Notethat
inthenon-inertialframethebeadwillappearstation-
aryatP2.Weshalldesignatethissteadystateposition
as̀equilibrium'althoughstrictlyspeakingthisisamis-
nomer.

Thefreebodydiagram ofthebeadinthenon-inertial
frameisshowninFigure2.Itisclearfrom thē gure
thatthetangentialandradialcomponentsoftheforce
(FµandFr)arerespectively:

Fµ=Fcfcosµ¡mgsinµ; (1)

Fr=N¡mgcosµ¡m!2Rsin2µ: (2)

HereFcf(=m!2Rsinµ0)isthecentrifugalforceandN

isthenormalforceonthebead.For̀equilibrium',the
tangentialcomponent(Fµ)vanishes.Hence

cosµ0=
g

!2R
=

!2
c

!2
; (3)
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Figure 3. Dependence of
normal (N) and centrifugal
(Fcf ) forces on . For large
values of , Fcf  approaches
N.

whereµ0isthèequilibrium'angle:

µ0=§
¯̄
¯̄
¯cos

¡1!2
c

!2

¯̄
¯̄
¯:

The§indicatesthattherearetwoequivalentpositions,
P2 andP02 (seeFigure1).Weshallcommentonthis
laterafterdescribingFigure5.Notethatfor! < !c,
equation(3)impliescosµ0>1.Thisisclearlyunphys-
ical.Alittlere°ectionwillconvinceusthatµ=0for
!<!c.Itcanbealsoseenfrom (1)and(2)that,for
µ=0,Fµ=0,N=mg,i.e.,theringisrotatingbutthe
beadisatthebottom (atP1).Thisindicatesatran-
sitioninFigure1at!=!c.Theanalogywithphase
transitionisstrengthenedwhenweexaminethebehav-

iorofthenormal(N)andcentrifugal(Fcf)forceswith
!.

For!<!c

µ0=0;N=mgandFcf=0;

whereasfor!>!c

N=m!2RandFcf=m!2R

"

1¡!4
c

!4

#1=2
: (4)

Thelastequationisobtainedusing(3)andthetrigono-

metricidentitysin2µ=1¡cos2µ.Thebehaviorofforces
(N andFcf)areplottedinFigure3whereagainwesee
thetransitionat!=!c.
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Figure 4. The behavior  of 
as function of  . The inset
shows an  analogous be-
havior  of magnetization M
as a  function of tempera-
ture T.

The role of M is
played  by    and

temperature  is  inver-
sely  related  to .

3.2The M̀agnetization'

Wenextobtainthedependenceofthèequilibrium'an-
gleµ0on!as!approaches!c.For!! !+

c;µ0isclose
tozero.Henceonexpandingthecosinetermin(3),we
get

1¡
µ2
0

2
=

!2
c

!2
;

µ0 = §
p

2

"

1¡
!2

c

!2

#1=2
: (5)

Alsonotefrom (3)thatas!! 1,µ0! §¼=2.This
behaviorissketchedinFigure4.Thisplotalsohas
ananalogueinphasetransition.ThemagnetizationM

goestozeroasTgoestoTcinasimilarfashion.This
isshownintheinsetofFigure4,whereM0isthemax-

imummagnetization.ThustheroleofM isplayedby
µandtemperatureisinverselyrelatedto!.Increas-
ingtemperatureisequivalenttodecreasing!.(Note:
Thecriticalexponentis1=2inourcaseandalsoinLan-
dautheory.However,experimentallyandinmoreelab-

oratetheories,theexponentofvanishingmagnetization
is1=3).
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Figure 5.  Potential  energy
for   <  c ( > c ) is
depicted by the dotted
(solid) line.

3.3The F̀reeEnergyDiagram'and S̀ymmetry
Breaking'

Itismoreinstructivetolookatthepotentialenergy.
Recallthat

Fµ=¡
1

R

dV(µ)

dµ
:

TakingV(µ=0)=0,weobtain

V(µ)=mgR

"

(1¡cosµ)¡
!2

2!2
c

sin2µ

#

: (6)

Onexpandingthecosµandsinµtermsin(6),weget

V(µ) ' a(!)µ2+b(!)µ4;

a(!) =
mgR

2

Ã

1¡!2

!2
c

!

;

b(!) '
mgR

6

!2

!2
c

;

forsmallµanduptoorder(µ4).Wegettwotypesof
behaviorasshowninFigure5.Forµ=0;V(µ)=0;itis
stablefor!<!candunstablefor!>!c.For!>!c,
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The existence  of
symmetry  breaking
has played  a cardinal

role in  modern
particle  physics and
condensed matter

theory.

µhastwominimaat§µ0.Wecanobservethisbylook-
ingatthesecondorderderivative:

V00(µ)=mgRcosµ

"

1¡
!2

!2
c

cosµ

#

+mgR
!2

!2
c

sin2µ:(7)

Forµ=µ0=§cos¡1(!2
c=!

2),

V00(µ0)=mgR
!2

!2
c

Ã

1¡!4
c

!4

!

>0 if!>!c:(8)

Thus§µ0 arestableminima.Averyimportantcon-
ceptinmodernphysicsissymmetrybreaking.Thisis
capturedbythedoubleminimadiagram inFigure5.
For!> !c,µ=+µ0 andµ= ¡µ0 areequallylikely.
Howeverthesmallestperturbation,sayawhi®ofair

oraverticalaxiswhichisslightlyo®centre,willmake
thebeadgotowardsoneoftheminimaandsymmetry
willbebroken.Theexistenceofsymmetrybreakinghas
playedacardinalroleinmodernparticlephysicsand
condensedmattertheory.

3.4 C̀riticalSlowingDown'

Itisalsoinstructivetodeterminethefrequencyofoscil-
lation0ofthebeadaboutthèequilibrium'positionµ0.

0=
1

R

s
V00(µ)

m
: (9)

For!<!c,µ0=0,andweobtainfrom(7)that

0=(!2
c¡!2)1=2: (10)

Similarlyfor!>!c,using(8)weobtain

0 = !

Ã

1¡
!4

c

!4

!1=2

: (11)

Thebehaviorof0issketchedinFigure6.Thefactthat
as!! !§c;0 ! 0iscalled c̀riticalslowingdown'.
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Figure 6.  Dependence of
the bead’s oscillation  fre-
quency 0 on  the angular
speed .  For  large values
of ,  0  approaches the
asymptote depicted  by the
dotted line 0 = .

Similarlynearthephasetransition,themagneticmo-
mentalsobecomessluggish.

3.5The S̀usceptibilityDivergence'

Animportantaspectofphasetransitioninmagneticsys-
temsisthedivergenceofsusceptibility.Interestingly

eventhisaspectiscapturedbyoursimplemechanical
model.Weapplyaweaktangentialforcefcosttothe
beadin èquilibrium'.Theequationofmotionis,(see
equation(1)),

mRÄµ=m!2Rsinµcosµ¡mgsinµ+fcost:

For!<!c;µ'0;sinµ'µ;cosµ'1andhence

Äµ=¡2
0µ+

f

mR
cost:

Recallthat2
0=!2

c¡!2from(10).Letusassumethe
steadystatesolutionµ=µ0 cost.Wethenobtain

µ(t)

f
=

1

mR

1

(2
0¡2)

cost: (12)

Inmagneticsystemstheroleoffcostisreplacedby
thetimevaryingexternalmagnetic̄ eldandthatofµ,
asstatedearlier,bythemagnetizationM.Thusµ=f

isthèsusceptibility'Âofthebead{ringsystem.The

staticsusceptibilityÂ(0)for! 0,isµ0=f.
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Figure 7. ‘Static susceptibility’ (0) (= 0/f) with .
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Â(0) =
1

mR

1

2
0

=
1

mR

1

(!2
c¡!2)

!<!c

=
1

mR

1

!2
³
1¡!4

c

!4

´ !>!c:

anddivergesas!! !c asshowninFigure7.The
susceptibilityinamagneticsystemshowsthesamebe-
havior.AnothernameforM istheorderparameter.In
ourcasetheorderparameterisµ.Justasthemagnetic

ēld̀orders'themagnetizationM inmagneticsystems,
therotationalangularspeed! òrders'µ.

4.Conclusion

TableIencapsulatestheanalogybetweenourmechan-
icalsystem andamagneticsystem undergoingphase
transitionfrom ferromagnetictoparamagneticphase.
Thisanalogyshouldnotbeoverstretched.Ourmodel

hasasingledegreeoffreedom,viz.angularde°ection.
Themagneticsystem iscomplexandhasabout1023

degreesoffreedom.Ourmechanicalanalysisisinthe
non-inertialframe;thuswhatwedesignateas̀equilib-
rium'canbemisleading.Themechanicalmodelcanbe

quitefruitfulinunderstandingawidevarietyofnat-
uralphenomenon.Weencouragethereadertocomeup
withothermechanicalanaloguesoftheLandautheory
ofphasetransitions.
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No. MechanicalSystem MagneticSystem Reference

intext

1 De°ectionµ MagnetizationM Section3.2
2 Increasingangularspeed! DecreasingtemperatureT Section3.2
3 Criticalangularspeed!c Critical(Curie)temperatureTc Section3.1
4 Exponentofµis0:5 ExponentofM is0:5 Section3.2
5 µ! §¼=2 M ! §M0 Figue4,

Section3.2
6 SymmetryBreaking SymmetryBreaking Figure5,

§µ0 for!>!c §M forT<Tc Section3.3
7 Oscillationfrequency Criticalslowingdownof Figure6,

0! 0as!! !§c magneticmomentsnearTc Section3.4
8 µ=fdivergesas!! !c Susceptibilitydiverges Figure7,

asT! Tc Section3.5

Table 1. Analogy between
mechanical and magnetic
systems.

WenoteinpassingthatthederivationinSection3.1
hasbeenapopularproblemforhighersecondaryschool
studentsandhasevenappearedintheIndianInstitute

ofTechnology{JointEntranceExaminationphysicspa-
perin1993.Howeverthiswonderfulanalogyisnoteven
mentioned,thusreducingittoanother̀dry'problem.
TohonourLandauweposedthisproblem asachal-
lengingawardwinningproblem intheselectioncamp

leadingtotheselectionoftheIndianteam fortheIn-
ternationalPhysicsOlympiad.Thewinner,IshDhand
ofChandigarhwasgiventheIndianPhysicsAssociation
cashawardofRs.3000/-forthebestsolutiontothis
problem.
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